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Abstract. We have used a self-consistent version of the BCS+RQRPA method for a systematic study of
the two-neutrino double-beta-decay of nuclei with 100 < A ≤ 150. The comparison with other approaches,
namely the QRPA and the RQRPA, shows that inclusion of the quasiparticle correlations at the BCS level
reduces the ground-state correlations in the particle-particle channel of the proton-neutron interaction.
This in turn results in a systematic reduction of the double-beta-decay matrix elements. The effect of the
extension of the formalism on the Ikeda sum rule has been discussed.

PACS. 21.60.Jz Hartree-Fock and random-phase approximations – 23.40.Bw Weak-interaction and lepton
(including neutrino) aspects – 23.40.Hc Relation with nuclear matrix elements and nuclear structure –
27.60.+j 90 ≤ A ≤ 149

1 Introduction

The Random Phase Approximation (RPA), since its origin
in the late fifties and early sixties (see [1] and references
therein), has become a very powerful tool for studying the
nuclear structure. In particular, the quasiparticle version
of the theory (the Quasiparticle Random Phase Approxi-
mation —QRPA) has been successfully applied to the nu-
clei far from the closed shells, and consequently extended
as the proton-neutron QRPA (pnQRPA) to the descrip-
tion of charge-changing transitions in nuclei [2–9]. Among
those transitions, the double-beta-decay draws very much
attention, since its proper description at the nuclear level
allows (and is necessary) to understand such phenomena
as the origin and value of the neutrino mass, the existence
of right-handed gauge bosons and other fundamentals of
the Standard Model [10,11].

The main drawback in the formulation of the QRPA
theory, however, is the violation of the Pauli exclusion
principle, connected with the usage of bosonic commu-
tation relations for the QRPA phonon operators, that
are in fact collective pairs of fermions. To overcome this
shortcoming of the QRPA framework, the renormalization
technique has been proposed [12] and extended to include
proton-neutron pairing [13]. This approach has been based
on the early works by Rowe [1], Hara [14], Ikeda [15] and
Schuck and Ethofer [16] in the context of RPA and QRPA.
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The main goal of the method, called in the literature the
renormalized QRPA (RQRPA), is to take into account ad-
ditional one-quasiparticle scattering terms in the commu-
tation relations by a self-iteration of the QRPA equation.

Recently, we have developed and presented [17] an
extension to the RQRPA formalism, that tries to solve
the problem of non-vanishing quasiparticle content of the
ground state that in turn introduces some inconsistency
between RQRPA and the BCS approach. Our method,
called the self-consistent RQRPA (SRQRPA), is based
on the reformulation of the BCS equations [18] and fur-
ther reiteration of the BCS+RQRPA calculation scheme.
This formalism has been successfully applied to the two-
neutrino double-beta-decay of medium-heavy nuclei [17].

This work contains our studies of the double-beta-
decay in the 100 < A ≤ 150 mass region. We calculate the
double Gamow-Teller matrix elements, using the QRPA,
RQRPA and the SRQRPA formalisms. We compare the
dependence of the matrix elements on the strength of the
particle-particle force, obtained in these approaches and
discuss the results. We also quote the corresponding half-
life times and compare them with the experimental data.
The question of the Ikeda sum rule conservation is raised.

2 Calculation procedure

Since the formalism of the SRQRPA has been presented
in detail in our previous publications [17], here we present
only the basics of the theory. Since we are interested in the
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charge-changing transitions only, from now on we restrict
ourselves to the proton-neutron version of the theory. In
the RQRPA and SRQRPA, one introduces the so-called
renormalization matrix Dpn, defined by the expectation
value of the commutator of the angular-momentum cou-
pled bi-quasifermion operators:

Dpn ≡
〈
0
∣∣∣[A(pn)JπM , A†

(pn)JπM

]∣∣∣ 0〉 = (1−np−nn), (1)

where np and nn are the RPA ground-state quasiparticle
densities:

np ≡ ̂−1
p

〈
0
∣∣∣[a†pãp

]
00

∣∣∣ 0〉 ,
nn ≡ ̂−1

n

〈
0
∣∣[a†nãn

]
00

∣∣ 0〉 . (2)

With the help of the Dpn-matrix, one can introduce
the renormalized angular-momentum coupled two-quasi-
particle creation operators [19]

A†
(pn)JπM ≡ D−1/2

pn

[
a†pa

†
n

]
JπM

, (3)

that behave as bosons, as far as the ground-state expec-
tation value of their commutator is concerned. Assuming
the harmonicity of the nuclear motion, the excited-state
creation phonon operators can be written as [1,20]

Qm†
JπM =

∑
pn

[
Xm

(pn)JπA†
(pn)JπM − Ym

(pn)JπÃ(pn)JπM

]
.

(4)
Using, e.g., the equation of motion (EOM) method [1],

one gets the RQRPA equations in the usual form, with
Ωm

Jπ ≡ Em,Jπ−Egs being the energy of the QRPA phonon:
(A B
B A

)
Jπ

(Xm

Ym

)
Jπ

= Ωm
Jπ

( Xm

−Ym

)
Jπ

, (5)

with the renormalized RPA matrices A and B:
AJπ

pn,p′n′ = (Ep + En)δpp′δnn′

− 2
[
gppG(pn, p′n′;Jπ)(upunup′un′ + vpvnvp′vn′)

+ gphF (pn, p′n′;Jπ)(upvnup′vn′ + vpunvp′un′)
]

× √
DpnDp′n′ , (6)

BJπ

pn,p′n′ = 2
[
gppG(pn, p′n′;Jπ)(upunvp′vn′ + vpvnup′un′)

− gphF (pn, p′n′;Jπ)(upvnvp′un′ + vpunup′vn′)
]

× √
DpnDp′n′ . (7)

The particle-particle (G) and the particle-hole (F ) matrix
elements of the two-body nucleon-nucleon interaction [21]
are scaled by the factors gpp and gph, respectively, to ac-
count for the finite range of the nucleus and limited model
space [2]. In the calculations we have chosen two values of
the gph parameter (0.8 and 1.0) and leave gpp as a free pa-
rameter of the theory [10,11]. Ep and En are the proton
and neutron quasiparticle energies and the u’s and v’s are
the usual BCS occupation factors.

The crucial point of the RQRPA is the calculation
of the renormalization matrix Dpn. This can be achieved
with the help of the mapping [12]

[a†pãp]00 	→ ̂−1
p

∑
JπMn

A†
(pn)JπMA(pn)JπM ,

[a†nãn]00 	→ ̂−1
n

∑
JπMp

A†
(pn)JπMA(pn)JπM (8)

and inversion of (4). Equations (1)-(8) became coupled
and can be solved by the iteration procedure we call “inner
iteration”: we start with np = nn = 0, i.e. QRPA solution,
calculate new quasiparticle densities and input them back
again, till the convergence is achieved.

Now we proceed with the SRQRPA “outer iteration”.
This is necessary, since the RQRPA ground state has
a non-vanishing quasiparticle content, while the BCS
ground state is the quasiparticle vacuum. We relax the
latter requirement and rewrite the BCS equations, by re-
calculating the density matrix ρ and the pairing tensor κ:

ρa ≡ 〈
0
∣∣c†αcα∣∣ 0〉 = v2

a + (u2
a − v2

a)na, (9)

κa ≡ 〈0 |c̃αcα| 0〉 = uava(1− 2na), (10)

The u and v coefficients and quasiparticle energies are
then obtained by minimizing the BCS ground-state
energy. To solve the SRQRPA equations we start with
the ordinary BCS equations, putting np = nn = 0, then
proceed with the corresponding RQRPA problem (inner
iteration), that gives us new quasiparticle densities and
loop with them back to BCS until the convergence is
achieved (outer iteration).

3 Model parameters and results

In the calculations we used the same approach, as de-
scribed in [17]. The two-body matrix elements were cal-
culated from the Bonn-B nucleon-nucleon one-boson ex-
change potential [22] within the Brueckner theory [21].
The single-particle energies were calculated from the Cou-
lomb-corrected Woods-Saxon potential with Bertsch para-
metrization [23]. As previously, we have found weak de-
pendence of the RQRPA and the SRQRPA results on the
dimension of the single-particle basis, the contrary to the
QRPA behaviour. The conclusion is that the most suitable
single-particle basis for all the nuclei in the mass range
100 < A ≤ 150 should contain 16 nlj shells (both for
protons and neutrons) with 40Ca as an inert core: 1p1/2,
1p3/2, 0f5/2, 0f7/2, 2s1/2, 1d3/2, 1d5/2, 0g7/2, 0g9/2, 2p1/2,
2p3/2, 1f5/2, 1f7/2, 0h9/2, 0h11/2, 0i13/2.

The calculations were performed for all the doubly-
beta-decaying nuclei in the aforementioned mass range,
except from 114,116Cd and 122,124Sn where the QRPA the-
ory fails, due to the magic number of protons in the tin
isotopes. To show the differences between the QRPA, the
RQRPA and the SRQRPA and to illustrate much bet-
ter the stability of the SRQRPA solutions we plot in
figs. 1 to 10 the results of our calculations as a function of
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Fig. 1. The 104Ru → 104Pd 2νββ decay Gamow-Teller matrix
element as a function of the gpp parameter.
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Fig. 2. Same as fig. 1, but for the 110Pd → 110Cd decay.
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Fig. 3. Same as fig. 1, but for the 128Te → 128Xe decay. The
shaded region shows the experimental data [24].

the particle-particle (gpp) factor. It can be seen that the
RQRPA method tends to reproduce the existing experi-
mental data for higher gpp values (around 1.1 to 1.4), while
the SRQRPA approach requires lower gpp values (around
0.6 to 1.0) to fit the experiment.

The comparison between the QRPA, the RQRPA and
the SRQRPA results in the considered range of the gpp pa-
rameter shows the main features of the extended versions
of the theory: the inclusion of the ground-state correla-
tions beyond QRPA is not only improving the agreement
between theoretical calculations and experimental data
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Fig. 4. Same as fig. 1, but for the 130Te → 130Xe decay. The
shaded region shows the experimental data [24].
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Fig. 5. Same as fig. 1, but for the 134Xe → 134Ba decay.
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Fig. 6. Same as fig. 1, but for the 136Xe → 136Ba decay. The
shaded region shows the experimental data [25].

but also causes the stabilization of the dependence ofM2ν
GT

as a function of gpp. Moreover, the iteration procedure for
quasiparticle densities, which causes the treating RQRPA
and BCS on the same footing, stabilizes the results even
further. This behaviour can be explained by the suppres-
sion of ground-state correlations in the RQRPA and the
SRQRPA methods. As a summary, in fig. 11 and table 1
we compare the range of results that can be obtained from
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Fig. 7. Same as fig. 1, but for the 142Ce → 142Nd decay.
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Fig. 8. Same as fig. 1, but for the 146Nd → 146Sm decay.
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Fig. 9. Same as fig. 1, but for the 148Nd → 148Sm decay.

all three approaches and the available experimental data.
One can see that both QRPA and the SRQRPA repro-
duces the experimental data quite nicely for gpp ≈ 1.0,
whereas the RQRPA fails and needs much higher (and
rather unphysical) value of this parameter to get close to
the experiment. This effect is probably due to the lack of
internal consistency in the RQRPA approach [17].

It is well known that the ordinary QRPA method pre-
serves the Ikeda sum rule, as long as all spin partners are
taken into account. It means that the difference of β−
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Fig. 10. Same as fig. 1, but for the 150Nd → 150Sm decay. The
shaded region shows the experimental data [26].

Fig. 11. Range of M2ν
GT values, calculated using three differ-

ent QRPA approaches (vertical bars) and compared with the
available experimental data (points with error bars). The open
symbols show the calculated values for gph = gpp = 1.0.
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Fig. 12. Ikeda sum rule violation for RQRPA and SRQRPA
as a function of gpp.

and β+ transitions strengths in even-even nuclei is con-
stant [15] and given by

SI ≡
∑
mµ

〈1+
mµ|β−

µ |0+
g.s.〉2−

∑
mµ

〈1+
mµ|β+

µ |0+
g.s.〉2 = 3(N−Z),

(11)
where β±

µ are the Gamow-Teller transition operators.
However, the situation is different in renormalized versions
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Table 1. Comparison of the available 2νββ experimental data with theoretical predictions obtained using three QRPA ap-
proaches for gph = 1.0 and some chosen values of the gpp parameter. The phase-space factors were taken from [27].

T
2νββ

1/2

gpp 0.6 0.8 1.0 1.2

104Ru → 104Pd —

QRPA 5.21e20 1.05e21 1.37e22 —

RQRPA 5.33e20 7.17e20 1.24e21 4.49e21

SRQRPA 1.23e21 2.80e21 1.84e22 —

110Pd → 110Cd —

QRPA 1.94e19 5.28e19 1.47e20 —

RQRPA 1.86e19 2.85e19 6.33e19 6.68e20

SRQRPA 4.03e19 1.13e20 2.59e21 4.57e20

128Te → 128Xe (7.7 ± 0.4)e24 [24]

QRPA 2.20e22 4.92e22 3.54e25 8.22e21

RQRPA 2.04e22 3.30e22 9.03e22 1.45e27

SRQRPA 4.82e22 1.37e23 3.38e24 2.34e23

130Te → 130Xe (2.7 ± 0.1)e21 [24]

QRPA 5.78e18 1.27e19 1.33e21 2.90e18

RQRPA 5.44e18 6.39e18 8.13e18 1.23e19

SRQRPA 1.21e19 3.30e19 7.09e20 6.26e19

134Xe → 134Ba —

QRPA 4.67e21 1.13e22 2.67e22 —

RQRPA 4.26e21 6.30e21 1.54e22 3.73e25

SRQRPA 9.82e21 2.66e22 1.98e24 1.84e22

136Xe → 136Ba >3.6e20 [25], >5.5e20 [28]

QRPA 7.94e17 1.82e18 7.52e18 —

RQRPA 7.15e17 1.05e18 2.54e18 7.95e20

SRQRPA 1.67e18 4.56e18 4.75e20 —

142Ce → 142Nd —

QRPA 1.97e23 1.16e23 8.35e21 1.64e21

RQRPA 6.90e22 3.06e26 4.31e22 7.92e21

SRQRPA 2.17e22 1.18e23 2.33e23 1.56e22

146Nd → 146Sm —

QRPA 2.11e30 3.38e30 1.30e31 1.38e31

RQRPA 2.15e30 2.99e30 5.47e30 2.21e31

SRQRPA 5.02e30 1.05e31 4.84e31 4.98e32

148Nd → 148Sm —

QRPA 5.79e18 9.46e18 3.72e19 3.85e19

RQRPA 5.94e18 8.41e18 1.56e19 6.30e19

SRQRPA 1.36e19 2.80e19 1.12e20 1.30e22
150Nd → 150Sm (6.75+0.37

−0.42
± 0.68)e18 [26], (1.88+0.66

−0.39
± 0.19)e19 [29]

QRPA 5.41e16 9.84e16 5.70e17 1.98e17

RQRPA 5.48e16 8.32e16 1.73e17 1.03e18

SRQRPA 1.27e17 2.97e17 1.36e18 3.76e19

of QRPA. Since the ground state in RQRPA and SRQRPA
is not a pure BCS state, cancellation of the so-called scat-
tering terms does not occur, giving rise to Ikeda sum rule
violation (fig. 12). As a general rule, the violation is less
significant in heavy nuclei and grows with gpp. It depends
also on the number of Jπ multipolarities used in calcu-
lations. More exact calculations, with bigger number of
multipolarities taken into account, show clearly that the
sum rule is not fulfilled. Here, we repeat our conclusions
from ref. [30] that SRQRPA violates the Ikeda sum rule
to significantly smaller degree than the RQRPA.

4 Conclusions

We have calculated the double Gamow-Teller nuclear
matrix elements for the two-neutrino double-beta-decay
to the ground state of the nuclei with 100 < A ≤ 150.
We have compared the QRPA approach to its extensions,
that take the Pauli inclusion principle into account, i.e.
the RQRPA and the new self-iterative BCS+RQRPA
method (SRQRPA). Unlike the old QRPA which requires
fine tuning of the particle-particle strength parameter,
the RQRPA and SRQRPA methods give stable matrix

elements over the whole range of gpp and thus allow for
more predictive power. We have shown that inclusion
of the ground-state correlations beyond QRPA causes
some stabilization of the Gamow-Teller matrix elements,
because of the additional change of the quasiparticle
densities during the iteration procedure with the modified
BCS solution.

The research grant 2P03B 071 25 from the Polish State Com-
mittee for Scientific Research is gratefully acknowledged. Two
of us (W.A.K. and M.G.) express their thanks for the warm
hospitality extended to them during their stay at the Institute
of Theoretical Physics, University of Tuebingen, supported
by the grant POL-050-98 from the Internationales Büro des
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